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Modeling the Continuous Opacities in a Solar-Type Star 
The Opacity Project for Astronomy 421 

 
Our projectÕs specific assumptions: 
 

• Opacity is primarily due to hydrogen and H- (H negative ion) evaluated at λ = 5000 Ångstroms 
• Composition: hydrogen, helium (but we ignore all opacity due to He), and one “metal” 

  

!  

B =
nHe

nH
= 0.1 (by number, ratio of the number of helium to hydrogen atoms) 

 

!  

A =
n
H

n
m

=104   (by number, ratio of the number of hydrogen to metal atoms) 

• Stellar parameters: Mass = 1 M , radius = 1 R , Teff = Teff  (A solar-type star.) 
 
Equation of State (simple model): 
 

1. For our purposes, when using the Saha Equation: 
a. )(Tnnn eio != , no = number density of neutrals 

 ni = number density of ions 
 ne = number density of electrons 

b. For H, ni=ne , (only 1 electron), Pg = ( no +  ni + ne )kT 
 

2. Gas: hydrogen (helium) and one “metal” to provide electrons 
a. assume “metal” has only one ionization stage, and: 
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A = nH
nm

=104  ;  (i.e., A  >> 1) 

b. Let 
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  where 

! 

nH
+

nH
o is the ratio of ionized to neutral H and  

!  

nm
+

nm
o  is the ratio of singly  

  ionized to neutral metal atoms; ratios calculated using the Saha equation.  X and Y are  
defined slightly differently here than they are in C & O (p. 250, 2nd ed) 

 
NOTE: 

d. At high temperatures, Χ 1 (no ≈ 0), and since A >> 1, then 
e

g

P

P
  2. 

e. At intermediate temperatures, 

!  
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f. At low temperatures, 

! 

" = 0;  
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#

A

Y
.  Metals provide important electrons. 
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Opacity: 
 
1.  κ5000 is usually given in units of cm2 per neutral hydrogen atom, and is what we want to find.  The 
formulae given by Mihalas calculate  αλ the coefficient per neutral H, and the scattering cross sections 
σλ. We will need to convert each αλ to κλ in terms of a mass absorption coefficient per gram.  The 
scattering coefficients are treated slightly differently. 

 
• 

!  

nH
o = 1" X( ) nH  , 

!  

nH = nH
o

+ nH
+

+ nH
" # nH

o
+ nH

+  
• 

! 

" # 1+ 4B( ) nH mH  , mH = mass of proton 

• 

!  

k" =# "
1$ X( )

1+ 4B( ) mH

 ; converts from per neutral H to “per gram”  [Eqn. III] 

• 

! 

"# ="R +"T  
 
Saha Equation: 
 
Let’s simplify the SAHA equation (Eqn. 8.8 of C&O, 2nd ed; substituting Pe for ne) for purposes of our 
opacity routines.  We need these numbers in order to calculate X and Y as defined above. 
 

Before:  
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kT  where Z represents the partition number, me is the electron 

mass; Pe , electron pressure; χi , ionization energy in ergs; k, Boltzmann constant in units of ergs per 
Kelvin; T, characteristic temperature of the layer under consideration; Z, partition function for that 
ionization or neutral state; and h, Planck constant.  Believe it or not, this problem becomes much 
simpler if we deal in logarithms.  So, we solve the above equation for the log10 of the ratio of Ni+1/Ni 
(singly ionized to neutral state) for neutral hydrogen: 
 

! 

log10(nH
+ /nH

o ) = "log10 Pe "13.595#+ 2.5log10T " 0.4772 , where Θ = 5040/T.   
 
Saha equation for the ratio of  the first ionization to the neutral state of the metal: 
 

!  

log10(nm
+ /n

m

o ) = " log10 Pe " 7.9# + 2.5log10T " 0.0971 
 
When calculating X and Y as given above, we need the actual ratio, not the log of it.  So, don’t forget 
to convert back. 
 
I. Atomic Hydrogen 
 
In order to calculate the complete absorption coefficient per gram (κλ) for atomic hydrogen, we must 
also calculate the bound-free and free-free Gaunt factors. 
 
Gaunt factors∗ 
 
It seems that fudge factors may be involved in calculations to make things come out right.  One of 
these is the quantum-mechanical correction terms: Gaunt factors (C & O, p. 250, 2nd ed).  For the 
Gaunt factor for free-free transitions: 
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!  

gff (x," ) =1.084+ 0.0188/" + (0.00161+ 0.02661/" ) / x # (0.0192# 0.03889/"

+0.02833/" 2 # 0.007828/" 3 + 0.0007304/" 4) / x2
 

 
where x = 1/λ and λ is the wavelength in microns. 
 
For the Gaunt factor for bound-free transitions:       

!  

gbf (m,x) = am + bm /x + cm /x
2 

 
Here, m represents the quantum number of the mth state.  Table of the coefficients a, b, and c: 

m am bm cm m am bm cm 
1 0.9916 0.09068 -0.2524 6 1.097 0. 0. 
2 1.105 -0.7922 0.4536 7 1.098 0. 0. 
3 1.101 -0.329 0.1152 8 1. 0. 0. 
4 0.9736 0. 0. 9 1. 0. 0. 
5 1.03 0. 0. 10 1. 0. 0. 

 
Believe it or not, these are the easy equations to code! 
 
The equation for the absorption coefficient per neutral H atom:             (Mihalas Eqn. 78) 
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and χ is the ionization energy of hydrogen; m is the quantum number of the mth state; !

1=x , 

where λ, is the wavelength in microns; Uo(θ, Pe), the partition function of neutral H (2 for our case);  
mo is the largest integer such that kT

hum
!"

*; m* is the value of the highest bound state considered 

(10 in our case). 
 
This equation must be attacked in two parts.  The sum must be calculated first, and to do this you need 
to put together a test that determines mo and m* to set the summation limits and for the value of um* 
(See Mihalas 1967, given in a separate handout).  Within that summing process, Gaunt bound-free and 
free-free functions must be called for

! 

m
o
" m " m * .  After the sum is calculated, then multiply by the 

first part.  (You should find that m = 3 is the largest integer such that kT
hum
!" .  This confirms that it 

is the Paschen continuum that dominates for the visual part of the spectrum.) 
 

                                                
*  Note: We have the frequency coming in here—watch the units! (You’ve probably noticed by now that much of the 
complicated, detailed programming we are having to do is involved with fine-tuning the coefficients.  Maybe not so 
important here, but it would certainly be important if you were doing this for real using an modern program.) 
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The final step is to convert the absorption coefficient per neutral H atom to a mass absorption 
coefficient per gram. 

We start with Eqn. I from above: 

! 

" =

nH
+
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o
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+
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o

, where 

! 

n
H

+

n
H

o is returned from the Saha equation. 

 
To put it in terms of a mass absorption coefficient per gram, we use the formula given in EQN III 
above: 

! 

k" =#"

1$ X( )
1+ 4B( ) mH

.  

 
!  This is one of the quantities (actually, log10 κλ) that you will be graphing as a function of 
temperature.  Look for the rest of the ! ’s in the upcoming pages. 
 
II. Negative Hydrogen Ion 
 
After seeing the equation for atomic hydrogen, the equations for the H- ion may seem tame.  The 
formulae calculate the free-free and bound-free absorption coefficient per neutral hydrogen atom, not 
per negative hydrogen ion.   
 
bound-free absorption coefficient: 

!  

" # #,$( ) =10%26 &Pe &0.4158&$
5

2 &e1.726$ 1%e
%h'

kT( 
) 
* + 

,  
- k*            (Mihalas Eqn. 82) 

The wavelengths used in these equations are in Ångstroms. We consider the opacity at 5000 Å only,  
 

4432 1095244.5024842.0164790.0178708.000680133.0* !"+!#!+!+= #k   (Mihalas Eqn. 84) 
 
where now 1000/!="  (remember, wavelength is in Å).   
 
free-free absorption coefficient: 
 
We are going to consider wavelengths shorter that 14,200 Ångstroms so that we don’t have to include 
any tests of values.  The free-free absorption coefficient is straight forward (but a bit clumsy – watch 
your parentheses): 
 

!  

" # #,$( ) =10%26Pe[0.0053666%0.011493$ + 0.027029$ 2

%(3.2062%11.924$ + 5.939$ 2)(# /106)

%(0.40192%7.0355$ + 0.34592$ 2)(#2 /109)]

 

 
!  Sum the coefficients αν  from bound-free and free-free negative H ion absorption and convert to a 
mass absorption coefficient (that is, per gram) by multiplying the sum by Eqn. III.  (Use the Saha 
equation that returns the fraction of ionized H to neutral H.) 
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III.  Scattering coefficients 
 
Rayleigh scatter ing:  We start with Rayleigh scattering by neutral hydrogen, and get a value in terms 
of a cross section.  We will convert to a mass-absorption coefficient later.  
 
The cross section of hydrogen per neutral H atom in the ground state can be calculated through: 

!  

"
r
= 5.799#10$13

%4
+1.422#10$6

%6
+ 2.784

%8
 

where λ  is in Ångstroms. 
 
We still need to multiply the cross section of hydrogen by Eqn. III above to convert it to the mass 
absorption coefficient per gram {we ignore [2/ U0(θ, Pe)] as given in Mahalas since it equals 1 in our 
simplified model}: 

!  

" R =
" r 1# X( )

1+ 4B( ) mH

 

 
Thompson scatter ing: The scattering coefficient per gram is given by: 
  

! 

"
T

="
t

n
e

#
 , where 

! 

" t = 6.655#10$25 cm2             (Mihalas, Eqn. 96) 

We are going to explicitly include the contribution of the “metal” in translating 

! 

ne
"

 into more 

workable units.  If we let 
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 (Eqn. II above) and 
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 (Eqn. I), then  

!  

" T = " t
ne

# =" t

X +Y
A( )

1+ 4B( )mH

. 

 
The contribution of Thompson scattering to the overall opacity is bound to be small as it is significant 
only for extremely hot stars.  You should check the validity of this statement during this assignment. 
 
!  Determine the total scattering by adding up these two factors:  

!  

" # = "
R

+"
T
 

 
 
Explicit Steps in Programming the Model Ð From Simple to Complex: 
 
1.  Set up a file that contains all of the important astronomical constants.  Name it whatever you like, 
but you should make it something obvious, like ‘astro_constants.inc’.  There should be no other 
information other than a list of the variables and the values.  Use double precision; watch units!: 
 
sigma = 5.67051D-5   ; ergs s-1 cm-2 K-4  Stefan-Boltzmann constant 
planck = 6.6260755D-27   ; erg s (Planck’s constant) 
boltz = 1.380658D-16   ; erg K-1  Boltzmann constant, k, as in  
      ; haich-nu-over-kay-tee 
speed_light = 2.99792458D+10  ; speed of light in cm/sec 
pmass = 1.67262158D-24   ; mass of proton in grams 
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For each procedure or function that you write that needs any one or more of these constants, you must 
include an 
   @astro_constants.inc 
 
(or whatever you named that file) at the start of the procedure or function. 
 
2.  We’re going to take just one layer of an atmosphere for now (making the assumptions stated above) 
and use the following values for temperature (Temp) and log10 electron pressure (log Pe; electron 
pressure in dynes cm-2): 

Temp Log Pe 
5730.9728 1.2594 

 
Since the atmosphere is “grey” (opacity does not depend on wavelength), we choose the wavelength of 
5000 Ångstroms for our calculations.  These values are not constants (although the wavelength will not 
be changing, it is not technically a “constant”), and thus must be included in the procedure you use to 
call the rest of the procedures or functions and passed as parameters to the procedures and functions, if 
needed. 
 
Since 

! 

" = 5040.
T , where T is the temperature, you can assign a value to Θ right after you set the value 

for the temperature.  If theta is needed in a procedure or function, you can pass the value as an 
parameter. 
 
3.  IMPORTANT:  At each step, double check using a calculator or a classmate to be sure that your 
routines are returning correct answers!  Check all units!  Wavelength units used are Ångstroms, 
centimeters, and microns.  Inverse wavelengths are used.  Check all values assigned to variables when 
you are doing a lot of muliplying and dividing!  Make sure your parentheses are in the correct places!  
Doing this squashes bugs before they hatch; otherwise, you will spend many frustrating minutes and 
hours debugging. 
 
You can put all of these procedures and functions into one file, or multiple files.  Your choice. 
 
Step 1:  
 
If you were modeling the entire atmosphere, there would need to be numerous calls to the procedure or 
function that uses Saha equation to find the ionization ratios.  In our case, we call each one only once 
during each loop (we don’t loop until the last few steps).  It’s your choice as to how you include them 
in your programs. 
 
A.  Reproduce the expressions for the Saha equation in logarithmic form for the ratio of ionized H to 
neutral H and for the ratio of ionized “metal” to neutral “metal.” 
 
B.  Write procedures or functions that return to the calling procedure each ratio (not the log10) of all 
three ionized states considered 
 
C.  Test the values that get returned for the temperature and log electron pressure given above. 
 
After  you have satisfactorily completed this step, have your  instructor initial here: ________ 
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Step 2: 
 
A.  Write functions for the Gaunt free-free and Gaunt bound-free factors.  For the Gaunt bound-free, 
you will need to set up arrays for a, b, and c.  Make sure you have the indices going in the right way! 
 
B.  Test your functions using the appropriate values of temperature and electron pressure and standard 
wavelength to make sure you have the correct answers being returned. 
 
After  you have satisfactorily completed this step, have your  instructor initial here: ________ 
 
Step 3: 
 
A.  Write a function that returns the free-free absorption coefficient for H- ion.   Use the same 
temperature and electron pressure and standard wavelength. 
 
B.  Do the same for the bound-free absorption coefficient for the H- ion. 
 
C.  Compare what your routines return to that of a classmate to make sure you’re getting the correct 
answer. 
 
After  you have satisfactorily completed this step, have your  instructor initial here: ________ 
 
Step 4: 
 
A. Calculate the cross section for Rayleigh scattering.  [The values in the numerators must have units 
such that, in the end, the cross section is expressed in cm2.  You’ll note from the Mihalas handout that 
no indication is given of units.]  Convert it to the correct units. 
 
B.  Calculate the cross section for Thompson scattering, and convert it to the correct units. 
 
C. Check your answer with a classmate or a calculator to make sure your answers are correct.  Add the 
two scattering coefficients together for graphing. 
 
After  you have satisfactorily completed this step, have your  instructor initial here: ________ 
 
Step 5: 
 
A.  Calculate the absorption coefficient due to atomic hydrogen.  This is the most complex procedure 
to put together and get working, and may take you longer than all the other ones combined.  There is a 
sample procedure linked from our home page.  The commands shown in the on-line procedure are not 
necessarily the best nor the most efficient nor the clearest way to program this, but it works.  It will 
also guide you through getting your procedure done.  Grab parts and logic as desired, using the 
information given above under “atomic hydrogen.” 
 
B.  Check each part as you get it programmed. 
 
After  you have satisfactorily completed this step, have your  instructor  initial here: ________ 
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Putting it all together : 
 
A.  We have so far been working with just a single temperature and electron pressure.  We need to 
consider a number of atmospheric layers with a range of temperatures and electron pressures—a file of 
temperatures and log electron pressures is available from our web site, the file name is temp_pelog.dat.   
 
You will need to write commands that open a file for reading, read in a temperature and pressure, go 
through your opacity routines to calculate the opacities, and write the opacities to a file as a function of 
temperature (hint: the log of the opacities makes for a more readable graph since the range is extremely 
large).  This needs to be a loop such that the program then goes back to the file, reads the next line of 
temperature and pressure, and calculates and writes out the opacities.   
 
How will your program know when it has read in the last line of data (when it has reached EOF)? 
 
B.  Plot your data using IDL.  You need just the one figure of continuous opacities (break them out into 
the 3 components for comparison purposes) versus temperature.  There is a file linked from our home 
page that will do this for you.  Be sure to adapt it to your idiosyncrasies.  Include all labels. There is a 
handout on printing with IDL that will let you know how to add the bells and whistles and how to 
create a postscript file. 
 
C.  Write a short report summarizing the process as if you were the scientist who was presenting the 
modeled opacities from neutral hydrogen, the negative hydrogen ion, and electron scattering to the 
annual conference of famous astronomers.  (These astronomers may not remember what continuous 
opacities are, nor how one would model them.) 
 
Your report should include the following using good form: 
 

• Introduce the problem, giving a brief overview of how your calculations would fit into a 
complete model atmosphere 

• State your basic assumptions 
• Include your graph of opacity values versus temperature, making sure its caption adequately 

describes the figure 
• Include a table of your opacity results 
• Include copies of your IDL programs.   

 
Formulae may be referenced by using the equation numbers given in the Mihalas work:  
 

Mihalas, Dimitri (1967), Methods in Computational Physics, Vol. 7, “The Calculation of 
Model Stellar Atmospheres,” (Alder, B., Fernbach, S., and Rotenberg, M., eds) 

 
Your report can be in Word document (Mac or Windows) or OpenOfficeWord: electronic or hardcopy 
(I prefer electronic). 
 
                                                
∗ Mihalas, Dimitri (1967), Methods in Computational Physics, Vol. 7, “The Calculation of Model Stellar Atmospheres,” (Alder, B., 
Fernbach, S., and Rotenberg, M., eds) 


